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We have constructed a fitness parameter, characterizing the intrinsic attractiveness for patents to
be cited, from attributes of the associated inventions known at the time a patent is granted. This
exogenously obtained fitness is shown to determine the temporal growth of the citation network
in conjunction with mechanisms of preferential attachment and obsolescence-induced ageing that
operate without reference to characteristics of individual patents. Our study opens a window on
understanding quantitatively the interplay of the rich-gets-richer and fit-gets-richer paradigms that
have been suggested to govern the growth dynamics of real-world complex networks.
A wide variety of social and economic processes evolve
such that success or popularity appear to be self-
reinforcing. Significant attention has been given to trying
to distinguish the extent to which the apparently self-
reinforcing behavior of popularity is purely a property of
the dynamic system, versus being generated by intrin-
sic heterogeneity that allows inherently better agents or
products to persistently succeed [1–9]. With our increas-
ingly data-rich world enabling more effective ways for
measuring quality as well as popularity, this question can
now be explored more deeply and in a greater variety of
fields [10]. Here we provide an answer within the context
of technological innovation, where an accepted measure
of popularity is the intensity with which patents accu-
mulate citations [11]. Our construction of a technology-
dependent single quality score for individual patents from
a broad range of patent-quality measures that are exoge-
nous to citations and available at the time of grant is
shown to quantify the innate attractiveness of patents to
be cited in the future. The ability to account for inher-
ent quality as a driver of citation dynamics enables better
observation of other important influences, including the
time scale for knowledge obsolescence [12].
Empirically, the average rate λ¯ at which the number of
citations k accrued by patents [13] increases over time t
is observed [12, 14, 15] to follow an aging-tempered [16]
preferential-attachment-type [17–19] growth model λ¯ =
A(t) f(k). The asymptotic form f(k) ∼ kα for large k
with α > 0 embodies a rich-gets-richer feedback loop
whereby more highly cited patents are more likely to gain
future citations. Similar behavior is exhibited by the ci-
tation dynamics of scientific articles, e.g., those published
in the journals of the American Physical Society [20–22].
However, the special purpose and associated legal rami-
fications of citations in patents [11, 13] enforce a greater
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degree of caution in citing behavior than is commonly
practiced for scientific articles, making patent citations
particularly suitable for investigating the relationship be-
tween popularity and quality [23].
On a phenomenological level, purely preferential-
attachment-based models seem to be able to successfully
describe the dynamics of how patents receive forward
citations. However, they are at odds with the general
expectation [24] that patents are intrinsically heteroge-
neous in quality, and that citing behavior will, at least in
part, be influenced by this intrinsic heterogeneity across
the patent population. In theoretical models of network
growth, node heterogeneity has been introduced by a fit-
ness, or attractiveness, variable η with distribution ρ(η)
so that an individual node i having ki links to other nodes
at time t after its creation gains new links with a rate [25]
λi = ηi A˜(t) f˜(ki) . (1)
In principle, a fitness variable [26] can represent any
quantifiable heterogeneous property, or a number of such
properties, exhibited by individual nodes [27], and it can
even be designed to depend on the properties of the link-
ing node [3, 27]. The interplay between fitness and pref-
erential attachment has been studied in detail theoreti-
cally [3, 28, 29], and statistical analyses have been ap-
plied to estimate fitness endogenously in real-world net-
works [2, 4, 29–31]. Our current work goes an important
step further by determining fitness for individual patents
in terms of citation-independent quality measures. Ob-
taining fitness deterministically and exogenously enables
us to conclusively separate its effects from those due
to preferential attachment and obsolescence-induced age-
ing [32]. These advances pave the way for broader stud-
ies of knowledge diffusion and could inform the design of
meaningful impact measures for technological innovation.
How to determine the quality and/or value of in-
novations from observable attributes of the associated
patents is a difficult question that has been studied exten-
sively [33–37]. As there are various potential dimensions
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2TABLE I. Variables v(a) employed as raw measures of intrin-
sic patent quality. Short labels given in brackets are intro-
duced for easy reference.
backward citations to patents independent claims − 1
(BPA) (CIN)
backward self-citations (BSC) dependent claims (CDE)
backward citations to foreign inventor team size − 1
patents (BFP) (INV)
backward citations to non-patent class membership − 1
literature (BNP) (NCL)
backward-citations’ pedigree [39] average age of backward
(BCP) citations (BAG)
originality [39] (ORI) grant lag (LAG)
number of figures (FIG)
of usefulness for an invention (including, but not lim-
ited to, technological, economic, and strategic/legal), the
number of suggested plausible quality-indicator variables
has proliferated. We base our construction of a single in-
trinsic quality score for patents on the Nv = 13 variables
v(a) given in Table I. Their values v
(a)
i for a particular
patent i are determined by the time of grant and become
part of its retrievable official record. These quality mea-
sures are also available for all patents, not just a subset
such as those assigned to publicly traded companies [36].
However, before we can use the values v
(a)
i to estimate
the intrinsic fitness ηi for a patent to attract citations
via Eq. (1), three major issues need to be addressed:
(i) minimizing cross-correlations (the variables v(a) are
not necessarily mutually independent quality indicators),
(ii) determining relative weighting (multiple uncorrelated
quality measures will differ in the magnitude of their in-
fluence on citation growth), and (iii) achieving distribu-
tional fidelity (the model for fitness constructed in terms
of the variables v(a) must reproduce salient properties of
the empirical distribution of fitness). We now describe in
turn how each of these challenges is addressed.
(i) Minimizing cross-correlations. As it is not a priori
clear which type of quality is measured by each indi-
vidual variable and/or how much overlap exists between
the quality measures provided by different variables, an
exploratory factor analysis [38] is performed [39]. This
process yields Nu < Nv uncorrelated factors u¯
(b) that are
linear functions of the Nv normalized variables [40]
v¯(a) =

ln(1+v(a))−µ
ln(1+v(a))
σ
ln(1+v(a))
all variables except ORI,
v(a)−µ
v(a)
σ
v(a)
for ORI.
(2)
The definition of v¯(a) according to Eq. (2) is motivated
by the observation that, with the exception of the nor-
mally distributed originality, the raw indicator variables
v(a) are approximately log-normally distributed over the
patent cohorts considered in this work. It furthermore
ensures that the v¯(a) have zero mean and unit variance,
thus eliminating the arbitrary units used to measure each
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FIG. 1. Distilling a fitness for citation-network growth from
the Nv = 13 quality indicators in Table I for the cohort of
USPTO patents from CPC Section A with grant dates dur-
ing 1999-2001. Factor analysis yields Nu = 6 factors u¯
(b)
representing minimally correlated quality-indicator variances
across the patent cohort. Panel (a) illustrates the loadings
L
(b)
a that relate factor scores u¯
(b)
i for individual patents to the
rescaled logs of raw quality-indicator values [cf. Eq. (2)] via
u¯
(b)
i =
∑Nv
a=1 L
(b)
a v¯
(a)
i . Panel (b) shows the relative weights
wb for each factor in the expression Eq. (5) for the fitness
variable, which are obtained by a forward-stepwise regression
to the distribution of citations accrued by the time of grant
by patents from a small training set. Here factor u¯(5) was
eliminated according to the Bayes Information Criterion.
v(a). The factors u¯(b) also have zero mean and unit vari-
ance, and their values for individual patents are deter-
mined via the matrix of loadings L
(b)
a that is obtained
from the factor analysis: u¯
(b)
i =
∑Nv
a=1 L
(b)
a v¯
(a)
i . Fig-
ure 1(a) illustrates the factors and their loadings ob-
tained for the cohort of patents granted by the United
States Patent and Trademark Office (USPTO) between
1 January 1999 and 31 December 2001 and classified un-
der Section A (Human Necessities) of the Cooperative
Patent Classification (CPC) system. We have repeated
this analysis for another six cohorts of USPTO patents
that are granted within the same period but classified un-
der different CPC Sections: B (Performing Operations;
Transporting), C (Chemistry; Metallurgy), F (Mechani-
cal Engineering; Lighting etc.), G (Physics), H (Electric-
ity), and Y (General), respectively [39].
(ii) Determining relative weighting. The factors u¯(b)
represent the minimally correlated variances of the ad-
hoc-defined raw quality-indicator variables across a given
cohort of patents. They therefore approximate the truly
independent dimensions within which quality of individ-
ual patents can be measured by observables available at
the time of grant. To estimate the relative importance of
each factor in determining citation intensity, we perform
a forward-stepwise ordinary-least-squares regression on a
small training dataset with the Bayes Information Crite-
rion [41] as our test statistic and the log of the (mean-
scaled) citations at grant as the dependent variable [42].
Patents in the training dataset are randomly selected
and comprise about 10% of a cohort, i.e., 8,000-10,000
patents. The regression coefficients yield weights wb mea-
suring the variances in the training dataset associated
with the factors u¯(b). Figure 1(b) shows the wb obtained
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FIG. 2. Ageing and preferential attachment in the citation rate of USPTO patents from CPC Section A granted during 1999-
2001. Panel (a) shows fits of exponential-aging functions to both the fitness-controlled citation rate λi/ηi ≡ [∆ki(t+∆t)/ηi]/∆t
(data points indicated by triangles) and the uncontrolled-for-fitness average citation rate λ¯i ≡ ∆ki(t + ∆t)/∆t (data points
indicated by circles). Here t corresponds to the age of individual patents counted from the time of grant, and ∆t = 3 months.
An example for typical fits of preferential-attachment kernels to the data for both citation rates is provided in panel (b). Panel
(c) collates values for the obsolescence time τ˜ extracted from fits of the r.h.s. of Eq. (6a) to λi/ηi for patents with fixed number
k of citations. Similarly, panel (d) gives the exponents α˜ obtained from fitting the r.h.s. of Eq. (6b) to λi/ηi for patents with
fixed age t. In panels (c) and (d), circles are fitted parameter values, solid lines indicate their weighted averages, and the black
dashed (red dotted) curves show the 95% confidence intervals for fit-parameter values (their weighted averages).
for factors associated with the cohort of USPTO patents
from CPC Section A granted during 1999-2001 [39].
(iii) Achieving distributional fidelity. By construction,
the linear combination of factors u¯(b) with weights wb as
coefficients is a normally distributed quantity having zero
mean and variance given by
∑Nu
b=1 w
2
b . Motivated by em-
pirical observations of citation rates [4], we assume the
distribution ρ(η) of fitnesses to be log-normal. For con-
ceptual simplicity, we fix the mean value of the fitness,
µη ≡ 1, which implies µln(η) = −σ2ln(η)/2. Thus the only
free parameter characterizing the log-normal distribution
of fitnesses is the standard deviation σln(η). It turns out
to be possible to extract σln(η) from the observed dy-
namics of how patents acquire their first citation without
needing to assume anything explicit about how the cita-
tion rate Eq. (1) depends on k and t. More specifically,
we consider the time evolution of the fraction n(0, t) of
uncited patents. Expanding its expression [12, 28]
n(0, t) =
∫
dη ρ(η) exp
{
−η f˜(0)
∫ t
0
dt′ A˜(t′)
}
(3)
in the short-time limit where A˜(t) ≈ A˜(0), and assuming
ρ(η) to be log-normal, yields
lnn(0, t) ≈ −A˜(0)f˜(0) t+ e
σ2ln(η) − 1
2
[
A˜(0)f˜(0) t
]2
. (4)
Fitting Eq. (4) to the data enables us to extract σln(η)
for each of the patent cohorts considered here [39].
Having addressed the three issues (i)–(iii) discussed
above, we estimate the intrinsic fitness of patent i to
attract citations in terms of the observable values v
(a)
i of
the raw quality-indicator variables from Table I via
ηi = exp
−σ2ln(η)
2
+
σln(η)√∑Nu
b=1 w
2
b
Nu∑
b=1
wb
Nv∑
a=1
L(b)a v¯
(a)
i
 .
(5)
Assuming the rate at which citations are accrued by
patents to follow the expression (1), we analyze the em-
pirically observed citation rates for USPTO patents from
individual CPC Sections A, B, C, F, G, H, and Y granted
during 1999-2001. We allow for a ten-year time win-
dow for citation accrual, starting from each individual
patent’s time of grant. To account for citation infla-
tion due to structural causes such as fluctuations in R&D
spending or other policy decisions [43], the value of an
incoming citation at time t is scaled by the number of
patents applied for at that time [12, 22]. The change
∆ki(t + ∆t) of inflation-adjusted citations received by
patent i over the time interval (t, t+ ∆t] is then divided
by the fitness ηi estimated for that patent in terms of
its attributes v
(a)
i according to Eq. (5). We find that
the data for [∆ki(t + ∆t)/ηi]/∆t (corresponding to the
fitness-controlled citation rate λi/ηi) are best fitted in
terms of the product of an ageing function A˜(t) and a
preferential-attachment kernel f˜(k) given by
A˜(t) = A˜0 exp
(
− t
τ˜
)
, (6a)
f˜(k) = kα˜ + f˜0 . (6b)
Figures 2(a) and 2(b) show results obtained for Section-
A patents. For comparison, we include in the same fig-
ures also fits of the quantity ∆ki(t + ∆t)/∆t represent-
ing the uncontrolled-for-fitness average citation rate λ¯i ≡
A(t) f(ki) considered before [12, 14, 15]. In agreement
with previous results [12] obtained using the technology-
classification scheme from Ref. [13], we observe A(t) to
be exponential in the long run while significantly ex-
ceeding the exponential behavior extrapolated to short
times. Fits to the data for λ¯ also establish the form [12]
f(k) = kα + f0, with α > α˜.
Extracting the parameter τ˜ corresponding to the time
scale for obsolescence from fits of the functional form
given in Eq. (6a) to the fitness-controlled citation rate
[∆ki(t+ ∆t)/ηi]/∆t for patents having a fixed number k
of citations yields results as shown for Section-A patents
40.0
0.5
1.0
A:
Human
Necessities
B:
Operations/
Transport
C:
Chemistry/
Metallurgy
F:
Mechanical
Engineering
G:
Physics
H:
Electricity
Y:
General
CPC Section
 a~0   a
~
¥   a
(a)
0
5
10
A:
Human
Necessities
B:
Operations/
Transport
C:
Chemistry/
Metallurgy
F:
Mechanical
Engineering
G:
Physics
H:
Electricity
Y:
General
CPC Section
 t~ [years]  t [years]
(b)
FIG. 3. Comparing preferential attachment and ageing exhibited in the fitness-controlled citation rate λi/ηi and the
uncontrolled-for-fitness average citation rate λ¯i, respectively. Panel (a) shows both the saturation value α˜∞ [the weighted
average of the latest third among the values obtained for α˜ from fits of Eq. (6b) to λi/ηi for patent cohorts with fixed age t; see
Fig. 2(d)] and the value α˜0 for t = 0 (corresponding to the time of grant) alongside α extracted from fitting the uncontrolled-
for-fitness average citation rate λ¯i ∝ (kαi + f0). In panel (b), the time τ˜ (τ) is the weighted average of obsolescence times
extracted from fitting Eq. (6a) to fixed-k bins of λi/ηi as shown in Fig. 2(c) for Section-A patents (fits of λ¯i ∝ A0 exp{−t/τ}).
Citation data have been analyzed for USPTO patents granted during 1999-2001 in the CPC Sections indicated in the figure.
Fitness values ηi were estimated based on the quality-indicator variables from Table I using Eq. (5) with Eq. (2).
in Fig. 2(c). The τ˜ values fluctuate around a mean value
that is larger than that extracted from similar fits to
the uncontrolled-for-fitness citation rate. In contrast, as
seen in Fig. 2(d), the exponent α˜ in the preferential-
attachment kernel Eq. (6b) obtained from fitting this ex-
pression to the fitness-controlled citation rate for patents
at fixed age t (counted from the time of grant) shows
an increasing trend at short times but eventually sat-
urates. Figure 3 illustrates the obsolescence times and
preferential-attachment exponents extracted from cita-
tion data for the patent cohorts considered in this work.
Comparing the dynamics of ageing and preferen-
tial attachment exhibited by the fitness-controlled and
uncontrolled-for-fitness citation rates, respectively, re-
veals a number of interesting features. See Fig. 2(a) for
an illustration. Firstly, the exponential time dependence
from Eq. (6a) generally describes ageing for the fitness-
controlled citation rate very well at all times. In con-
trast, the uncontrolled-for-fitness average citation rate
at short times systematically shows a large excess over
the extrapolated exponential behavior observed in the
long-time limit [12, 44]. Controlling for citation infla-
tion as well as fitness has thus enabled us to reveal more
clearly the purely obsolescence-induced ageing process
governing patent-citation dynamics. (Deviations from
the described typical ageing behavior are observed spo-
radically [39].) Generally, τ˜ turns out to be larger by
∼1–2 years than the time scale τ extracted from the ex-
ponential ageing displayed by the uncontrolled-for-fitness
citation rate in the long-time limit (see Fig. 3).
Another striking feature of the fitness-controlled cita-
tion rate is the significantly reduced exponent character-
izing preferential attachment, especially at early stages of
the citation process but persisting also in the long-time
limit. Theoretical studies [28, 29] have suggested that
purely fitness-driven growth can cause phenomenologi-
cally observed preferential-attachment dynamics. As our
estimate of fitness η pertains to the attributes of patents
known at the time of grant, it can be expected that the
mechanism for attracting citations at that time is largely
reflective of this fitness. We indeed find the exponent α˜0
extracted from citations immediately after time of grant
to be much smaller than when fitness is not controlled
for, suggesting that a portion of the observed preferen-
tial attachment is due to heterogeneous fitness. Even in
the long-time limit, the fitness estimated via quality in-
dicators available at the time of grant still accounts for
a sizeable reduction by about 20-30% in the exponent
α governing preferential attachment in the uncontrolled-
for-fitness average citation rate. More explicitly, the av-
erage fitness for patents having k citations at time t after
grant is given by η¯(k, t) ≡ λ¯(k, t)/[A˜(t)f˜(k)] and consti-
tutes a direct measure for the fitness-explained fraction
of the average citation rate λ¯. Our observations imply
η¯(k, t)→ k
α + f0
kα˜∞ + f˜0
A0
A˜0
exp
{
τ − τ˜
τ τ˜
t
}
(7)
in the long-time limit. Thus η¯(k, t) ∝ kα−α˜∞ for patents
having a citation count exceeding the average in the long-
time limit. The fact that α > α˜∞ implies that the most
highly cited patents will be associated with, and therefore
detectable by, high values for the fitness variable. How-
ever, although it turns out to be useful and predictive,
ηi as determined by our procedure is still only a conser-
vative and noisy estimate of the true intrinsic fitness for
patents to be cited. Identifying yet other, or better, raw
patent-quality indicators to include in the construction
of fitness could be a way to improve it further.
As more highly cited patents typically have greater fit-
ness [cf. Eq. (7)], a weak trend of positive correlation be-
tween obsolescence time and fitness can be deduced from
Fig. 2(c). This suggest that the commonly adopted ap-
proach [25, 28, 29] where fitness enters the citation rate
(1) as a prefactor likely constitutes only a first approxi-
5mation to a more complex interplay between fitness and
ageing. While it may be expected that better-quality
patents age more slowly, the level of noise in our data
prevents firm conclusions to be drawn in the present case.
In summary, we present an empirical study of the rela-
tion between basic attributes of patents and their citation
dynamics. Using only information available at the time
patents are granted, we are able to estimate their intrin-
sic fitness for being cited. Even over time periods as long
as 10 years afterwards, this fitness is found to determine
significantly how many more citations are accrued, es-
pecially for the most successful, i.e., highly cited, inven-
tions. Future research could extend our construction of
the fitness parameter governing citation dynamics to also
include attributes of the citing patents [27] and account
for social proximity between inventor communities [45].
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